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Abstract 

In this paper, we use ©-split sequences and derived equivalences to provide formulas for calculation of higher 
algebraic K-groups (or mod-p A'-groups) of certain matrix subrings which cover tiled orders, rings related to chains 
of Glaz-Vasconcelos ideals, and some other classes of rings. In our results, we do not assume any homological 
requirements on rings and ideals under investigation, and therefore extend sharply many existing results of this 
type in the algebraic A'-theory literature to a more general context. 
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1 Introduction 

One of the fundamental questions in the algebraic /iT-theory of rings is to understand and calculate higher algebraic 
/iT-groups Kn of rings, which were deeply developed in a very general context by Quillen in |fT9l for exact categories 
and by Waldhausen in ll24l for Waldhausen categories. On the one hand, the usual methods for computing K^ may 
be the fundamental theorem, splitting morphisms, or certain long exact sequences of /ST,, -groups, namely, Mayer- 
Vietoris sequences, localization sequences or excision. In this direction there is a lot of literature (for example, see 
|l8][l5][T8]|25]|26]|27l, and others). On the other hand, we know that derived-equivalent rings share many common 
homological and numerical features, in particular, they have the isomorphic higher algebraic /r„-groups for all « > 
(see ||6l). This means that, in order to understand the higher A'-groups K,, of a ring, one might refer to another ring 
which is derived-equivalent to the given one, and which may hopefully have a simple form so that its X„-groups can 
be determined easily. This idea, however, seems not much to be benefited in the study of higher algebraic /T-theory 
of rings, especially in dealing with calculation of A'„-groups. 

In the present note, we shall use ring extensions and derived equivalences as reduction techniques to investigate 
the higher algebraic /T,, -groups of certain matrix subrings which include many maximal orders, hereditary orders, 
tiled orders, endomorphism rings of chains of Glaz-Vasconcelos ideals, and other classes of rings. To produce such 
derived equivalences, we shall employ 25 -split sequences defined in |[T0| . In this way, we reduce our calculation 
inductively to that of certain triangular matrix rings. The advantage of our method is: We not only drop all homo- 
logical conditions on rings and ideals under investigation, but also extend many existing results (see |[T][8][T3l) of 
this type in the literature to a more general context. Our main results in this note can be stated as follows. 

Theorem 1.1. Suppose that p >2, m and s are positive integers such that s is divisible by p. Let R be a TLj p™TL- 
algebra with identity, and let I,Ii and Itj be (not necessarily projective) ideals of R. We denote by K^, (R) the *-th 
algebraic K-group ofR with * G N. 

(1) Iflij CI for all i,j, Ikj C lijfork < i, hi C hjforj < i andltkhj ^ hjfori < k < j, then 

(R In /i3 ■■• hn \ 

I R /23 ••• hn 



S:-- 



is a ring, and 



I ■■■ I R h^in 

\I ... I I R J 



1 1 " 1 

K,iS) ®zn-] - K,{R) (^zn-](B^K,{R/Ij^: j) ®zn-]. 
s s ^K s 

J=2 
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(2) For 2 < i < n, suppose that Rt is a subring ofR with the same identity. Iflt+i C /,■ C Rtfor all i, Ij C Ijj C / 
for all i,j, andlikhj C hjfor j < k < i, then 
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is a ring, and 



1 1 " 1 

K,{T)®j^Z[-]^K,{R)®^Z[-]®^K,{Rj/Ij)®^'L[-]. 
s s .^^ s 



As pointed out in Section |6]below. Theorem 1 1 . 1 1 holds true for the mod-p /T-groups /T* (— , Z/pZ) if we assume 
in Theorem 1 1.1 1 that /? is a Z[i]-algebra and p^l (mod 4), that is, under these two assumptions, one can replace 

/*:,(-) ®zZ[i] by /:*(-, Z/pZ) inTheoremO 

The proof of the above result is based on the following observation. Note that the assumptions in Theorem 
|1.2f 2) below is weaker than the ones in Theorem |l.lf 2) above. 

Theorem 1.2. Let R be a ring with identity, and let Ijj be (not necessarily projective) ideals of R. We denote by 
Ks, (R) the *-th algebraic K-group ofR with * £ N. 

(1) Ifhj C Iijfork< i, Iki C hjfor j < i andlikhj Q hjfor i<k< j, then 
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is a ring, and 
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K,iS)c^K,{R)®^K,{R/h-ij). 

j=2 



(2) For 2 < i <n, suppose that Rt is a subring ofR with the same identity, that /, C Rj is a right ideal ofRu and 
that li is a left ideal ofR. Ifli+ 1 C /,■ for all i, Ij C /,y for all i^ j, and Ukhj ^ Uj for j < k < i, then 
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is a ring, and 



K,{T)c^K,{R)®^K,{Rj/h). 
;=2 



The strategy of our proofs of the theorems is first to use ring extensions, which are motivated from 112811 . and then 
to combine A'-groups in Mayer- Vietoris sequences with A'-groups of rings which are linked by derived equivalences 
produced from certain ©-split sequences. 

This note is organized as follows. In Section |2] we recall some definitions and elementary facts on derived 
equivalences needed in the later proofs. In Section[3] we construct ©-split sequences by ring extensions and calcu- 
late the endomorphism rings of tilting modules related to these sequences. In Section]?] we prove the main results 



and state some of its consequences. Our proofs of the above results also give an explanation of the multiplicity 
factor « — 1 in the isomorphisms of /r„-groups of the rings in ID and ifTSl . In Section |5] we calculate Kq and Ki 
for some matrix subrings which are not covered by the main results. In Section |6] we show that the main result 
Theorem II . II holds for mod-p /iT-theory by outlining the key ingredients of its proof. In Section |7] we give some 
examples to show how our method can work, here GV-ideals in commutative rings enter into our play. These exam- 
ples demonstrate also that the matrix rings studied in Section[3]really occur, as the endomorphism rings of chains 
of GV-ideals, in the field of commutative algebra. 

2 Preliminaries 

Let A be a ring with identity. By an A-module we mean a left A-module. Let A-Mod (respectively, A-mod) denote 
the category of all (respectively, finitely generated) left A-modules. Similarly, by A-Proj (respectively, A-proj) we 
denote the full subcategory of all (finitely generated) projective A-modules in R-Mod. For an A-module M, we 
denote by proj.dim(/iM) the projective dimension of M. Let J^''(A-proj) be the homotopy category of the additive 
category A-proj. The unbounded derived category of A-Mod is denoted by S^{A), whereas the bounded derived 
category of A-Mod is denoted by S'^{A). We say that two rings A and B are derived-equivalent if ^(A) and &{B) 
are derived-equivalent as triangulated categories. It is well-known that if S'^{A) and S'^{B) are derived-equivalent 
as triangulated categories then ^(A) and &{B) are derived-equivalent as triangulated categories. 

Given a additive category C and an object X in C, we denote by add(X) the full subcategory of C consisting of 
all objects which are direct summands of direct sums of finitely many copies of X. 

For derived equivalences, Rickard's Morita theory [22] is very useful. 



Theorem 2.1. 1221 For two rings A and B with identity, the following are equivalent: 

(a) S'^{A) and S'^{B) are equivalent as triangulated categories. 

(b) =^ (A-proj) and ,J^ [B-^ro]) are equivalent as triangulated categories. 

(c) B ~ Endj^i^^_pj.QjJr*), where T' is a complex in J^'' (A-proj) satisfying 

(1) Hom(r*,r*[/]) = Qfor i ^ 0, and 

(2) add(r*) generates J?!' (A-proj) as a triangulated category. 

For derived equivalences, it is shown in ||6l that the algebraic /T-theory is an invariant. Recall that, for a ring A 
with identity, K„{A) denotes the n-th homotopy group of a certain space K{A) produced by ones favorite /T-theory 
defined for each n £ N (see lEl, lEl, ||27|| ). 

Theorem 2.2. Q If two rings A and B with identity are derived-equivalent, then their algebraic K-groups are 
isomorphic: iir*(A) ~ K^{B)for all * £ N. 

As is known, Morita equivalences are derived equivalences. Thus, if A and B are Morita equivalent, then their 
algebraic A'-groups are isomorphic. 

Another special class of derived equivalences can be constructed by tilting modules initialled from the repre- 
sentation theory of finite-dimensional algebras (for example, see ||2l). Recall that a module T over a ring A is called 
a tilting module if the following three conditions are satisfied: 

(1 ) r has a finite projective resolution — > P„ — > ■ ■ ■ — > Pq — > T — > 0, where each P, is a finitely generated 
projective A-module; 

(2) Ext^(r, T)=Q for all / > 0, and 

(3) there is an exact sequence — > A — > j" — > ■ ■ ■ — > T'" — > of A-modules with each T' in add(r) 
which is a full subcategory of A-mod. 

Note that, for a tilting module T, the projective resolution P' of T satisfies (1) and (2) of Theorem |2.U c). Thus, 
if aT is a tilting A-module then A and End^(r) are derived-equivalent. To produce tilting modules, one may use 
the notion of 23 -split sequences. Now let us recall the definition of ©-split sequences from lilOl . 

Let C be an additive category and 23 a full subcategory of C. A sequence 

X ^M-^Y 



of morphisms between objects in C is called a 23 -split sequence if 

(l)Me23, 



(2) /is a left ©-approximation of X, that is. Home {f,D') '■ Hom^(M,D') — >iiomc{X,D') is surjective for all 
D' G 23, and^is aright 23 -approximation of F, that is, Hom£:(Z)',g) ■.}ionic{D',M) — >}iomc{D',Y) is surjective 
for all D' G 2), and 

(3) / is a kernel of g, and g is a cokernel of/. 

Examples of 23 -split sequences include Auslander-Reiten sequences and short exact sequences of the form 
0— >X— >P— ^y— >Oin A-Mod with P projective-injective. A non-example is the sequence O^Z^Q— s-Q/Z— !>0 
of ableilan groups, that is, this sequence is not an add(xQ)-split sequence. For more examples, one may find in 
ifTOl . and also in the next section as well as in the last section of the present paper. 

Given a 23 -split sequence X — !> M' — > F, with 23 = add(M) for M an object in C, it is shown in ifTOl that there 
is a tilting module T over End(;(X ©M) of projective dimension at most 1 such that End(r) is isomorphic to 
Endc{M (BY). Thus Endc{X ®M) and EnddM (BY) are derived-equivalent, and have the isomorphic algebraic 
A'-theory by Theorem 12. 2 1 

3 Ring extensions and derived equivalences 

Ring extensions were used in [28:1 to study the finitistic dimensions of algebras. In this section, we shall use ring 
extensions to construct 23 -split sequences which will be applied to calculation of the algebraic A'-groups of rings in 
the next section. 

We first establish the following general fact. 

Lemma 3.1. Let B (~A be an extension of rings with the same identity. 

(1) IfExvg{BA,BB) = 0, then the sequence 

(*) — >B — >A — >A/B — >0 

is an add(BA)-sp//f sequence in B-Mod. Thus EndgiBB® b^) andEndsipA ©A/B) are derived-equivalent. 

(2) If bA^ is projective, then the above sequence is an add{BA)-split sequence. 

(3) Suppose that Extjj(BA,BA) ~ 0. If bA is finitely presented with proj.dim(BA) < 1 (for instance, bA is pro- 
jective and finitely generated), then A ®A/B is a tilting B-module of projective dimension at most 1. In particular, 
EndB(A (BA/B) is derived-equivalent to B. 

Proof. ( 1 ) We have the following exact sequence 

-^ HomB(BA,B) — > HomB(A,A) — > HomB(A,A/B) — > Ext^(A,B) — > Ext^(A,A). 

The condition Ext^(A,B) — implies that the canonical surjection A -^ AjB is a right add(BA)-approximation of 
AjB. To see that the inclusion B — > A is a left add(BA)-approximation of B, we note that each homomorphism 
from bB to gA is given by an element a in A. Thus it can be extended to a homomorphism from ^A to gA by the 
right multiplication of a. Clearly, one can check that this is also true for any homomorphism from bB to a direct 
summands of gA. Thus we see that the inclusion map from Z? to A is a left add(BA)-approximation of B. Thus (*) is 
an add(BA)-split sequence in B-Mod, and therefore EvAb{bB®bJ^) and EndB(BA ©A/B) are derived-equivalent by 
ifTOl Theorem 1.1]. This finishes the proof of Lemma ITTl 1 ) . 

(2) is a special case of (1). 

(3) Let r := bA © AjB. Since gA is finitely presented of projective dimension at most one, there is an exact 
sequence — >• f i — )• f o — ^ b^ ^ such that P, are finitely generated projective B-modules and the following diagram 
is commutative: 



i i 



i i 

> P > Po > A/B > 

1 i II 

> B > A > A/B > 0. 

i i 





From this diagram we see that T is finitely presented of projective dimension at most one. Thus the conditions 
(1) and (3) in the definition of tilting modules are satisfied. It remains to show Ext3(A ©A/B,A ©A/B) = 0. 
This is equivalent to that Extg(A,A/B) = 0, Extg(A/B,A/B) = and ExtB(A/B,A) = since ExtB(A,A) = by 
assumption. 

Indeed, we have seen that the inclusion map A- from B into A is always a left add(BA)-approximationof gB. Thus 
the induced map X* := HomB(A,,A) is surjective. Hence, by applying HomB(— ,A) to the canonical exact sequence 
(*), we get an exact sequence 



-^ HomB(A/B,A) — > HomB(A,A) -^ HomB(B,A) — > Ext^(A/B,A) — > Ext^(A,A), 



which shows Extjj(A/B,A) = 0. If we apply HomB(A/B, — ) to the canonical exact sequence, then we get an exact 
sequence: 

Ext^(A/B,B) — > Ext^(A/B,A) — > Ext^(A/B,A/B) — > 

since the projective dimension of A/B is at most 1. This implies Extg(A/B,A/B) = 0. Similarly, applying 
HomB(A, — ) to the canonical exact sequence (*), we can deduce Extjj(A,A/B) = 0. Thus we complete the proof of 
(3). □ 

Remark. Sometimes the following observation is useful for getting 2) -split sequences: Suppose that e and / are 
idempotent elements in a ring R and a G eRf. Then the right multiplication map Re — !> Rf, defined by x H> jca for 
X G Re, is a left add(7?/)-approximation of Re if and only if eRf = afRf. Thus, if the right multiplication map is 
injective, then — > /?e — > Rf — > Rf/Rea — > is an add(/?/)-split sequence if and only if eRf — afRf. For instance, 

.2 

the sequence ^ Z — > Z — > Z/2Z ^ is not an add(Z)-split sequence. 



Let us mention an example of ring extensions which satisfy the conditions in Lemma 13.11 Recall that an 
extension B C A of rings is called a quasi-Frobenius extension if bA is finitely generated and projective, and the 
bimodule aAb is isomorphic to a direct summand of the direct sum of finitely many copies of AHomB(B^A,Bfi)B- 
Thus each quasi-Frobenius extension B C A provides an add(BA)-split sequence 







B 



'A/B — ^0, 



and a tilting B-module A (BA/B by Lemma lTT 



Now we consider some consequences of Lemma lSTI which are needed in the next section. 
Let /? be a ring with identity and lij ideals in R with I < i < j < «, such that 
W hj ^ lij for k < i, 

(2) hi Q hj for ;■ < /, and 

(3) liAj C /,;■ for i<k< j. Then 
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is a ring. The rings of this form include tiled triangular orders and maximal orders 11211 . They occur also as the 
endomorphism rings of chains of Glaz-Vasconcelos ideals of rings, see Section |7] 

The following lemma shows that we may use derived equivalences to simplify the ring B. 

Lemma 3.2. Let B be the ring defined above. Then B is derived-equivalent to 



C . 



(R In In 

R R l23 

R R R 
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hn-\ 



hn-l/hn \ 

hn-l/hn 
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Proof. We make the following conventions on notations. Let S = M„ [R), the n x n matrix ring over R. Let e, be 
the n X n matrix with Is in (!,/)-entry and zero in other entries. For convenience, we denote by ei,j{x) the matrix 
with X in (/,y)-position, and zero in other positions, and by Bij the (/, j)-component of the matrix subring B of S, 
that is, the set of (/,y)-entries of all matrices in B. We define 



A;= 
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hn-\ \ 



^J7 — ? n — 1 J^n — 7. n — 



R 
R 



2n-l 
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Note that the only difference between A and B is the last column. We can verify that A is a ring containing B as a 
subring. 

Clearly, as a left B-module, gA ~ Bei © ■ ■ ■ ©Be„_i ©Be„_i. Thus ^A is finitely generated and projective. 
Furthermore, it follows that B is Morita equivalent to EndB{B (B bA) and that the latter is derived-equivalent to 
EndsisA ©A/B) by Lemma ITTI Thus B is derived-equivalent to EndB(Bei © • • • ©Be„_i © Ae„/Be„). For sim- 
plicity, we denote by Q the B-module Ae„/Be„. Note that Ae„ ~ Ben-i as B-modules, and that we have a canonical 
exact sequence: 

-^ Be„ -\ Ben-i -^Q^O, 

where X is the composition of the inclusion of Be„ into Ae„ with the right multiplication -en.n-i, and n is the 
composition of the right multiplication of -e,,-!.,, with the canonical surjective map Ae„ -^Ae„/Be„. 

In the following, we shall prove that EndB(Bei © • • • ©Be„_i © Q) is isomorphic to C. 

First, we define a map cp : R — > HomsiQjQ) as follows: For b £ R, let -Cnben be the right multiplication map 
from Be„ to Be„. This is well-defined by our assumptions. Also, let -en-i^e,,-! be the right multiplication map 
from Be„_i to itself. Then we see that X{-e„_ibe„_i) = {■e„be„)X. So, there is a unique a £ HomB{Q,Q) making 
the following diagram commutative: 







(**) 







Be„ 

"•"1 
Be„ 



> Be„-l 

-1 



the, 



-> Be,,- 1 



^ Q 



^ Q 



-^ 



-> 0. 



Hence, we can define the image of b under (p is a. Clearly, if b,b' G R, then {b + b')(f) = {b)(^+ {b')(^. Since 
e„{bb')e„ = e„be„b'ei,, we also have {bb')(^ = {b(f){b'(^). Thus (p is a homomorphism of rings. 

Now, we calculate the kernel of (p. Suppose b G R such that a = /jcp = 0. Then the map -en^ibcn-i fac- 
torizes through X. This means that there is an element r e B„-i„ such that -en-iben-i ~ (•e„-ire„)A- and 
■enbe„ = X{-en-ire„). Hence b = r £ Bn-in- Thus Ker((p) C B„„ nB„-i„ = /,,-in- Since any map -en/je,, from 
Ben to Be„ with b S B„„ nB„_i„ factorizes through X, the corresponding a is zero. Hence Ker({p) is B„_i „. 

Given an element a G HomB{Q, Q), we may form the following commutative diagram in B-Mod: 











> Be„ 

b 


> Be,, 



^ Be,,- 



-^ Be„_i 



^ e 



^ e 



-> 



-^ 0. 



Note that the homomorphism a exists and makes the right square of the above diagram commutative. Thus we 
have a homomorphism b making the left square commutative. We may identify a with an element in B„_i„_i, 
say a = •e„_i „_i(r) with r G B„_i„_i, and identify b with an element in B„„, say b = ■e„„{s) with s G B„„. The 
commutativity of the left square means that r ^s £ B„„. This means that 9 is surjective. Thus EnAB{Q) ~ /?//„_i„. 
If we apply HomB(— ,Bej) to (*) for 1 < j < n — \ and use Lemma ITTT S). we have the following exact com- 
mutative diagram with e„.„_i • an isomorphism: 



-^ HomB(e,B^j) 



-> YioraB[Be„-\,Bej) 



W. 



T> HomB(Be„,Bey) 



-^ 



e„-iBej 



Thus HomB{Q,Bej) = for all 1 < ; < « - 1. 

If we apply HomB{Bej, — ) to the exact sequence (*) for 1 < y < n — 1, we get an exact sequence 

— >HomB{Bej,Be„) — >HomB{Bej,Bn-i) — > Horns (Be;, g) — >0, 

which shows that Homs(Bey, g) ~ Bjn-i/Bjn — Bjn^i/Ij„^\. 

Now we identify Home (Bey, Be,) with ejBet for all 1 < i,j < « — 1, and }ioniB{Bej,Q) with Bj„^\/Bj„ = 
Bj„-i/Ij„_i. Then we can see that End3(Bei © ■ • • ©Be„_i Q) is isomorphic to C. This finishes the proof of 
Lemma [J!2l D 

A special case of Lemma [J!2l is the ring considered in ||8| under certain homological assumptions and finiteness 
condition. Here we start with a more general setting and drop all homological conditions on ideals as well as 
finiteness condition on quotients. 

Let 7? be a ring with identity, and / an arbitrary ideal in R. We consider the ring of the following form 



B: 



(R /'i2 
R R 



I''" \ 



\r R ■■■ R J 

where f,j are positive integers. Note that the conditions for B to be a ring are 

(1) tij < ti j+i, ti+i j < tij for / < ;, and 

(2) tij < tik + tkj for i<k< j. 

The next result follows immediately from Lemma |J!2l 
Lemma 3.3. Assume that the above defined B is a ring. Then B is derived-equivalent to 

/]l /'12 ... /'ln-1 J'lii-l/jfln \ 



C;= 
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Next, we consider a variation of the ring B in Lemma[32] which was considered in lfT4l l5l and cover some tiled 
orders in ||2TI . and many other cases, for example, rings in lfT4l . and some Auslander-regular, Cohen-Macaulay 
rings (not necessarily maximal orders, see 1231 ). 

Let /? be a ring with identity. Suppose that /?,- is a subring of R with the same identity for 2 < / < n, that /, is a 
left ideal ofR for all 2 < / < «, and that /,y is ideal ofR, with 2 < j < i < n, which satisfies the following conditions: 

(1) /; C Ri is a right ideal of R, for all /, 

(2)/„C/„_iC...C/2, 

(3) /; C Ijj for all ij, and 

(4) liAj ^ hj for i<k< i. 

Here we do not assume that /, is projective as a left /^-module, nor that /, is an ideal of R. Nevertheless one can 
check that 
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A;= 
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C: 

R/ 1,1-12 R 4-1,3 3 ••• ^«-l In 
\ R/In2 R 43 ••• Inn-1 RnJ 

with the usual matrix addition and multiplication form three rings with identity. Note that only the second column 
of A is different from the one of B. 
We define a B-module Q as follows: 







Be2^Bei -^ Q 



•0, 



where A- is a composition of the inclusion Be? -^ Ae2 with the isomorphism Ae2 ~ Bei as B-modules and where K 
is the cokernel of A-. 

Now, we consider the endomorphism ring End^ (Q © Be 1 © Be3 © ■ • • © Be,, ) . By a proof similar to that of Lemma 
13.21 one can show that the following lemma is true. We leave the details of its proof to the reader 



Lemma 3.4. The above defined rings B and C are derived-equivalent. 

An alternative proof of Lemma [X4l can be found in fjl Theorem 5.2], where A is replaced by the n x n matrix 
ring over 7?. 



4 Higher algebraic iiT-theory of matrix subrings 

In the algebraic /T-theory of rings, the calculation of higher algebraic /T-groups Kn seems to be one of the interesting 
and hard problems. In this section, we shall provide formulas for computation of the A'„-groups of certain rings by 
applying the results in the previous section. Our computation is based the philosophy that derived equivalences 
of rings preserve the /iT-theory and G-theory (see Q), thus one can transfer the calculation of Kn of a ring to 
that of another ring which is derived-equivalent to and may be much more simpler than the original one. In the 
literature, there are many papers dealing with /r„-groups by exploiting excision, Mayer- Vietoris exact sequences or 
other related sequences (for example, see JS), ifTSl . ifTSl . 1261 . lIZTl ). However, it seems that there are few papers 
using derived equivalences to calculate the higher algebraic /iT-groups. In the present section we shall show that 
sometimes our philosophy works powerfully though it may be difficult to find derived equivalences in general. For 
some new advances in constructing derived equivalences, we refer the reader to recent papers Il9l fm . 

Let 7? be a ring with identity. We denote by K^, [R] the series of algebraic A'-groups of R with * G {0, 1 , 2, ■ ■ ■ , }. 
The algebraic K-ihtoxy of matrix-like rings has been of interest since a long time. In |1J, Berrick and Keating 
showed the following result. 

Lemma 4.1. [I] IfRt is a ring with identity for i = 1,2, and ifM is an R\-R2-bimodule, then, for the triangular 
matrix ring 

^Ri M 
R2 



S 



there is an isomorphism ofK-groups: K„{S) ^ 
is induced from the canonical inclusion ofRi 1 



K„{R\) ® K„{R2) for all integers n G Z. Moreover, this isomorphism 
3 R2 into S. 



For n = 0, this is classical. For n = 1,2, this was already shown by Dennis and Geller in 1976. We remark that 
Lemma|4T|can be used to calculate the higher algebraic A'-groups of algebras associated to finite SZ-categories, or 
more generally, of "triangular" Artin algebras. Recall that an Artin algebra A over a commutative Artin ring is said 
to be triangular if the set of non-isomorphic indecomposable projective A-modules can be ordered as Pi ,P2, • • • ,Pn 
such that HomA{Pj,Pi) = for all ; > /. In this case, we have K^,{A) ~ 0"^j/:*(EndA(P;)) by Lemma |4Tn 

For a matrix ring of the form 



fR I ■ 


■ I\ 


R R 






■ I 


\r R ■ 


■ r) 



T ^ 



where 7? is a ring and / is an ideal in R such that the /^-modules rI and Ir are projective, it was shown by Keating in 
ifTSJI that there is an isomorphism of ^-theory: 

K^{T) ~ K^{R) ® [n - \)K^{R/I). 

In lfT3l . the author also considered the so-called trivial extension of a ring by a bimodule. It was shown that if T 
is the trivial extension of a ring R by an /? -bimodule M, then K.f{T) ~ K^: (R) provided that M has finite projective 
dimension as a left T-module. Here the condition on M in this statement is necessary. See the counterexample 
T ;= A:[x]/(x'') which is the trivial extension of k by k, where k is any field. 

Recently, as a kind of generalization of the above result of Keating, the authors of |8| consider the following 
matrix ring: Let / be an ideal of a Z^-algebra R with identity, where Zp is the p-adic integers (or, equivalently, 
Zp = limZ//?"Z), and define 



R 



pn 
R 



/"« \ 



\R R 



pn-ln 

R 



where tij are positive integers. Assume that 5 is a ring and that R/I" is a finite ring for all « > 1 . If both rI and Ir 
are projective, it is proved in fS) that the following isomorphism of the algebraic A'-theory holds: 

K,{S){\/s)^K,{R){\/s) ® (n - \)K,{R/I){\/s), 

where s is any rational integer such that p divides i, and where G{l/s) denotes the group G ®% Z[i] for an abelian 
group G. 

We shall use our results in the previous section to extend all results on matrix rings mentioned above without 
any homological conditions on rings and ideals under investigation. Our proofs also explain the reason why the 
multiplicity « — 1 appears in the above mentioned isomorphisms of the higher algebraic /T-theory. 

Lemma 4.2. Let B be the matrix ring 



B . 



R hi 


/l3 




hn \ 


R R 


/23 




hn 


R R 




R 


tn-ln 


\R R 




R 


R J 



defined in Lemma \3.2\ Then 



n-l 



K^B) ^ K,iR) (B^K,iR/Ij j+i). 



Proof. We show this lemma by induction on «. By Theorem |2.2| (see ||6ll), the algebraic A'-theory and G-theory 
are invariant under derived equivalences. So, by Lemma |3?2l we have Kt (B) ~ K^ (C) (for notation see Section[3]). 
Now it follows from Lemma |4TT] that Kt{C) ~ Kt{R/In-\n) ®K^:{Bn-\), where fi,j_i is the (n - 1) x [n - 1) left 
upper corner matrix subring of B. By induction, we have K^,(Bn-\) — A'*(/?) (BK^{R/Ii2) ® ■ ■ ■ ® ■'^♦(^Ai-in-O- 
Hence 

K,{B) ~ K,{R)(BK,{R/In) © • • ■®K,{R/P^2n-\) ®K,{R/P^u,). 

This finishes the proof of Lemma |4!2] D 

In particular, as a consequence of Lemma l4~2l we can strengthen the result in [S] as the following corollary, here 
we drop all assumptions on rings and ideals. 
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Corollary 4.3. Let R be an arbitrary ring with identity and I an arbitrary ideal in R. Then, for a ring of the 
following form 

(R /''2 ■■■ /'"' \ 



5 = 



R R 



\r R 



pn-ln 

R J 



where ttj are positive integers, we have 



K, (5) ~ K, (R) (B^K, {R/I'^-'J ) . 

7=2 



As a special case of Corollary 14. 31 we get the following result of fT3\ without the assumption that rI and Ir are 
projective. 

Corollary 4.4. Let R be a ring with identity and I an ideal in R. Suppose that tj is a positive integers with tj < tj+i 
for j = 2,- ■ ■ ,n — 1. Let 



Then T is a ring and 



/R 


/'2 • 


■ P"\ 


R 


R 


■ /'" 


\R 


R ■ 


• rJ 



K^{T)^K^{R)®^K^{R/l'-\ 

1=2 



Let us remark that if / is a nilpotent ideal in R with identity then Kq{R) ~ Kq{R/I). In general, this is not true for 
higher /ir„ -groups with « > 1. Thus, for Ab, we may replace the direct summands Kq{R/I'j) by Ko{R/I) in Corollary 
Ml and get Kq{T) - Ko{R) © (« - \)Kq{R/I). 

Similarly, we have the following result on the groups Kn of the ring defined in Lemma [J!4l 



Lemma 4.5. Let B be the ring 



B . 



(R h h 

R Ri h 

R hi Ri 

R I42 hi 

\R I„2 hi 



h-\ hi\ 
h-\ h 



h 



h- 



R„-\ h 



defined in Lemma 15.41 Then 



K, (B) ~ K, (R) ® /*:, {Rj Ih) 

j=2 



This result shows that the abelian group K„ (B) of the ring B is independent of the choice of the ideals Iij in R 
for all « > 0. 

As a direct consequence of Lemma l4.5l we have the following corollary. 

Corollary 4.6. Let R be a ring with identity, and let h be an ideal ofR with 2 < j <n such that h ^ h-ifi"" ^^^ J- 
Then, for the rings 
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we have 



(R h h ■ 
R R h ■ 


■ M 

• In 




(R h h 
R R h 


R h R ' 




T.= 


R R R 


\R h ■■■ In 


■■ In 
-1 V 




[r R R 



K, {S) ~ K, {R) (B^K, (R/Ij) ~K,iT). 

j=2 



In\ 
I, 



In 

RJ 



Let us remark that we can also use our method in this section to calculate some corner rings eBe, though, in 
general, we cannot get an add((.BeeAe)-split sequence 

— > eBe — > eAe — > eAe/eBe — > 0, 

with e an idempotent in B, from a given add(BA)-split sequence 

— >B — >A — >A/B — >0. 

For example, suppose that B is the ring defined in Lemma|4J2] If e is an idempotent in R, then, for the corner ring 

I eRe el\2e elij,e 
eRe eRe ehje 

eRe eRe 
\eRe eRe 





ehne \ 




ehne 


eRe 


ein-lne 


eRe 


eRe J 



of B, we have 



n-l 



K,{Bi)^K,{eRe)®^K,{eRe/eIjj+ie). 

7=1 



Also, we remark that, for any ring R, the 7?-duaIity Houik^— , rR) is an equivalence between the category ^-proj 
and the category R -proj, where R is the opposite ring of R. Thus, for each n > 0, we have K„{R) ~ K,j{R"P). 
From this fact, or from Lemma 1X11 3) for right modules, we can see that if S' is a ring of the form 



S': = 



where Ris a ring with identity and Ij is an ideal of R for each 1 < j < n, then 

n-l 



/ R 


h 


h 




h \ 


h 


R 


h 




h 


In-X 




In-l 


R 


In-X 


\R 




R 


R 


R 1 



K,{S')^K,{R)®^K,{R/Ij). 
i=i 



Note that S' is closely related to the ring S in Corollarv l4.6l (l). 
Now, recall that a puUback diagram of rings: 



R 



h 



^ Rx 



(*) ftzj |/i 



Ri 



-> Ro 
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is called a Milnor square if one of/? and hi is surjective. 

An example of Milnor squares is the following case: Let /? C 5 be an extension of rings with the same identity. 
If there is an ideal J of S such that J CR, then there is a canonical Milnor square 

R > S 



R/J > S/J. 

Let R be the product R\ x ■ ■ ■ x R„ of finitely many rings /?, with 1 < i < n. A subdirect product of ring R is a 
subring SCR for which each projection S — > Ri carries S onto /?, for each /. In this case we say that the inclusion 
5 C 7? is an inclusion of a subdirect product. 

The following lemma is useful and well-known for calculation of higher AT-groups of rings. 

Lemma 4.7. For a given Milnor square (*), the following are true: 

(1) (See II17I Theorem 3.3]) There is a Mayer-Vietoris exact sequence: 

({hx)*\ ({hi)* 

where /* denotes the homomorphism induced by f. 

(2) (See m, II25I Theorem 5.5]) Suppose that {*) is a Milnor square ofT, / p'^'lj- algebras, where p > 2 and m 
are fixed positive integers. Let s be a non-zero integer such that p divides s. Then there is an exact sequence of 
K-groups, that is, the Mayer-Vietoris sequence: 

[hi), 

.-(ft)*, 
K,+ x{Rx)®^'L\\]®K,+i[R2)®z'^\^] -^ K,+i{Rq)®z'^\\]-^K,{R) 

(hi). 



^^^'^^'^'' MRi)®zn\](BK,iR2)®zni] ^*^ K,{Ro)(B>zn\]^---. 

(3) Suppose that (*) is a Milnor square ofIj/p"''Z-algebras, where p >2 and m are fixed positive integers. Let 
s be a non-zero integer such that p divides s. If the induced homomorphism (/2)* in (2) is an split epimorphism for 
all * e N, then there is an exact sequence for all * G N." 

( (hi)* \ 

^ /:*(/?) 0Z z[i] ^'^'^''*'' /:*(/?! ) ®2; z[i] ©/:*(7;2) (»z z[i] ^"^^*^ /:4/?o) ®z ^[7] ^ 0. 

In particular, if the induced homomorphism (/2)* in (2) is an isomorphism for all * G N, then so is the induced 
homomorphism (/i)*. 

(4) II16I Theorem 13.33], ||17| If both h\ and fi are surjective, or ifh\ is surjective and fi is the inclusion of a 
subdirect product, then there is an exact sequence 

m) ^""^"■'> K,(,,)<,K,m ^^'^•^ KAR.)^KaR) ^"•'^'■'' 

(hi)* \ ( (/zi)* 

/ X -ih)* , , , , {(fiUhi)*) , , , , \-if2)*, , , 

Ki{Ri)®Ki{R2) -^ Ki{Rq) ^ Ko{R) ^ -^ ^ KoiRi) (B Kq{R2) -^ Ko{Ro). 

Remark that there is a dual statement of (3) for (/i )* to be a split monomorphism for each * G N. 

Now we turn to proof of Theorem lLlI Observe that the argument in our proof below is actually a combination 
of the previous results with Mayer-Vietoris exact sequences, and works also for many other cases. Here we prove 
only Theorem lLU l). and leave the details of the proof of Theorem I L 1 r 2) to the reader. 
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Proof of Theorein|l.l|(l): Le 


t 














(l In ■■■ hn \ 




(R hi ■ 


• hn \ 




(R hi 


■■■ hn \ 


/:= 


I I ■■ 

'■ '■ '■ In-Ill 


B:= 


I R 


■ hi-ln 


A:= 


R R 


'■ hi-\n 




{l ... / I J 




{l ...■ 


I R J 




\r ... 


R R ) 



By the assumptions in Theorem I l.U l). we can verify that A and B are rings and that / is an ideal of A. Thus J is 
also an ideal of B. Note that B is a subalgebra of A. Let / be the inclusion of B into A. If we define 



B' --B/J - 



(R/I 
R/I 

\0 ■■'■ 



o\ 



■■■ 

R/Ij 



A': = A/J-- 



(R/i 

R/I R/I 



\R/I 



o\ 







R/I R/I) 



then we have a Milnor square 



-^ A 



f 



->A', 



B' 

where g and g' are the canonical surjective maps, and where /' is the injective map induced from /. Since the map 
/;; : K^{B') ^ K^{A') is an isomorphism for * = 0, 1,2, • • • , it follows that/^ ®Z[1] : /:,(B') ® ^[7] -^^*(^') ® ^[7] 
is an isomorphism. Thus we see from Lemma |477l' 3) that /* (g) Z[-] is also an isomorphism. It then follows from 
Corollary |421;2) that 

K,{B)(^zZ[\]o^K,{A)<»z^l]c^K,{R)®z^j](B®"jZ\K,{R/Ijj+i)®zn\]- 



This finishes the proof of Theorem I l.U l). 
If we define 



J:~- 



(I h h 
I h h 
I hi h 



In\ 



■■ '■■ '■■ In 

\I Inl ■■■ Inn-l h / 

then the proof of Theorem I 1 . 1 1 *2) can be carried out similarly since we have Lemma |431 D 
Now we mention the following corollary of the proof of Theorem ll.il 

Corollary 4.8. Suppose that p >2 and m are positive integers. Let R be a Z,/ p'"'Z-algebra with identity, and let I 
and J be two arbitrary ideals ofR. Define 



S: 



(R I 
J R 



I\ 



\J ■■■ J Rl ^ 

\ ^ nxn 

Then S is a ring, and if, in addition, I <ZJ (for example, I —0, or I Q J), we have 

K^S) ®z^^] ^ MR) ®^Z[^ ®{n- l)K,{R/I) ®zl.[\] 
for all non-zero integer s such that s is divisible by p. 
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Proof. We define 



A:= 



( R I 
I + J R 



A 



/:= 



\I + J ■■■ I + J R 



J I 
\J ••• 



A 



J I 

' nxn 



Then one can verify that A is a ring and 7' C 5 is an ideal in A. Note that 5 is a subring of A. Now, let B := S, 
B' := B/J' and A' :=A/J'. Then we may use the same argument as in the proof of Theorem 1 1.1 1 to show K^^ [B) ®z 
Z[i] ~ K^{A) (8)zZ[i]. But for the latter, we have K^{A) ®z^j,] - K,{R) ®zZ[\] © (« - l)K,{R/I) ^z^^] by 
TheoremfTTTTl). Thus Corollary|4J]follows. D 

Let us illustrate how the argument in the above proof of Theorem fTTTT l) can be applied to other cases. 

Again, suppose that p>2 and m are positive integers. Let Rhea Z//7'"Z-algebra with identity and / an arbitrary 
ideal of /?. For each finite partially ordered set P, we associate a ring B .= B{R,I,P) which is a subring of the matrix 
ring over R with indexing set P, it is defined as follows: Let B = {Bij)i,j^p with Bij ~ R if i > j, and Bjj = I 
otherwise. We may assume thatf = {ai,- • • ,a„} such that a,- < Oj implies / < j. Under this assumption we see that 
/' := Mn{I) is an ideal of B, which is also an ideal of 



/R I 


... /\ 


R R 




\r ... 


R RJ 



Note that B is a subring of A. Let B' := B/J' and A' := A /J'. We define C to be the diagonal matrix ring with 
the principal diagonal entries R/I. Then C is a subring of both B' and A'. Using this ring C, we can see that the 
inclusion /' of B' into A' induces an isomorphism (/')* for all * 6 N. Then we may use the same argument as the 
above to show that, for any s divisible by p, 

K,{B) «)zZ[i] ~ K,{A) ®z1[^ ^ K,{R) ®^Z[^ ®{n- l)K,{R/I) ®i%\^^. 

We end this section by a couple of remarks concerning Theorem ll.il 

(1) In Theorem ll.il if /? is a Z,,-algebra instead of a Z/p'"Z-algebra, and if R/I, R/h and R/hj are finite rings 
for all i,j, then Theorem 1 1.1 1 still holds true. Indeed, in this case we can use Charney's excision at the end of the 
paper ||4l since I ®i Z[-] has a unit. This is due to Torf (— ,Z[i]) = and to the fact that the quotient rings R/I, 
R/Ii and R/hj are Z//:'™Z-algebras for some m > 0. Indeed, we have an exact sequence 



Torf(7;//,Z[-]) 



■R®zn 



{R/I)®T^1\ 



: R ®i Z[i]. So, the condition of Charney's result in 



Clearly, the first and last terms vanish, this implies /Cg)xZ[-] 
ID is satisfied. I thank X. J. Guo for explanation of this fact. 

(2) A crucial fact of our proofs of the main results is: Given an extension B C A of rings with the same identity 
such thatfiA is finitely generated and projective, we have/r*(B) ~/ir*(EndB(A® A/B)) for all * G N. Moreover, we 
may also compare the algebraic /T-theory of B with that of A. For this purpose, we define ii to be the kernel of the 
multiplication map A ®bA — > A, it follows from the Additivity Theorem (see [ 19, Corollary 1, Section 3] that the 
exact sequence of the exact functors 







■Q.®A- 



•A®B- 



id 







on the category of finitely generated projective A-modules gives rise to three homomorphisms of abelian groups: 



r* : K^,{A) -^ K^,{B), f, : K^iB) -^ K^^A) and CO* : K^,{A) -^ K^,{A) such that rj^, = 1 



K,{A)- 



CO* . If, in addition, the 



«-fold tensor product of D. over A vanishes for some natural number «, that is, il®-^" = (for example, ii = in 
case the inclusion B C A is an injective ring epimorphism), then the map f* is split surjective, and K^:{A) is a direct 
summand of K^,{B). In general, neither r, nor r* is an isomorphism. 
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5 Lower TIf -theory for matrix subrings 

In this section we consider the algebraic A'-groups Kq and K\ for matrix subrings. Our resuhs in this section are not 
covered by the main results in the previous sections. 

We first consider the group Kq. In this case, we have the following result in which we do not assume that the 
rings considered are Z//?'"Z-algebras or Z[-]-algebras. 

Proposition 5.1. Let R be an arbitrary ring with identity, and let I, J and lij be ideals in R. 
(1) For the rings S and T defined in Theorem \l.l\ we have 



KoiS) ^Ko{R)®^KoiR/Ij-ij), Ko{T) ^Ko{R)(B^KoiRj/Ij). 

7=2 ;=2 

(2) For the ring S defined in Corollarv W. 8\ with F C J, we have 

KoiS) ^ KoiR) ®{n- l)Ko{R/I). 



The proof of this proposition is actually a combination of Corollarv l4.6| and Lemma|4J2t 1 ) and (3), and we leave 
the details of the proof to the interested reader. 

Here arises an open question: We do not know, at moment, if Proposition 15. II is true for higher algebraic K- 
groups K„ with n > 1. But, for Ki, we do have some partial answers. Before stating our result, we first prove the 
following lemma. 

Lemma 5.2. Let B C A be an extension of rings with the same identity. Suppose that I is an idempotent ideal 
of A contained in B. If the inclusion B <Z A induces an isomorphism Ji : Ki{B/I) — > Ki{A/I) for i = 1,2, then 
Ki{B)::,Ki(A). 

Proof. Let Kj{B,I) denote the ;-th relative A'-group of the canonical surjective map B -^ B/L Then we may 
form the following commutative diagram of ableian groups with exact rows: 

K2{B/I) > Ki{B,I) > Ki{B) > Ky{B/I) > Ko{B,I) 

1* 1^ 1^ 1^' 1^ 

K2{A/I) > Ki{A,I) > Ki{A) > Ki{A/I) > Ko{A,I). 

Here we use the fact that Ko{B,I) is always independent of B. Now, by the Five Lemma in homological algebra, we 
know that the map p is isomorphic if y is isomorphic. However, this follows from a result of Vaserstein (see 1271 
Chapter III, Section 2, Remark 2.2.1]), which states that if 7 is an ideal in a ring R with identity, then Ki{R,J) is 
independent of R if and only if J^ = J. Thus y is an isomorphism. D 

We should notice that, in general, K„{R,I) depends on R for « > 1. This is why the conclusions in Theorem ll.il 
are localized. 

So, with Lemma l572l in hand, we can prove the following proposition for Ki. 

Proposition 5.3. Let R be a ring with identity, and let I C_J be ideals in R. If I is idempotent, then, for the ring 



we have 





/R I ■■■ I\ 




B: = 


J R ■■ ': 
: ■•• ■•• I 


1 




\J ■■■ J r) 


KiiB)- 


iKi{R)®{n^l)K 


liR/n 
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Proof. Clearly, B is a subring of the ring 



(R I 
R R 

\r ... 



/\ 



R R 

' nxn 



and J' := M„ (/), the nxn matrices over /, is an idempotent ideal of A and B, respectively. We know that K^ [B/f) 
and K^,{A/J') are isomorphic for all * G N. Hence Proposition 15.31 follows from Lemma 15721 and Corollarv 14.2 
immediately. D 

Finally, we mention another type of matrix rings: Let R and S are rings with identity and rMs and sNr are 
bimodules. We define a ring 



A:= 



R M 

N S 



r m 
n s 



r m 
n' s' 



nn +ms 



for r,r' G R,s,s' G S,m,m' G M and «,«' G A'. Note that M' := ( | and A^' 

Thus one has a Milnor diagram 





A^ 



are two ideals in A. 



-^ A/M' 

1 

-^ A/(M'+A^') 



A/N' - 

By Lemma l4!7l" 4). we can show that Ki{A) ~ Ki{R) ® Ki{S) for / = 0, L This result can be used to reduce the 
calculation of lower /T-groups of finite-dimensional algebras with radical-square-zero to local algebras. 

6 Higher mod-p ^-theory 

In this section, we shall point out that our main result, Theorem lLlI holds true for the mod-p /iT-theory K^:{—, Z/pT?) 
under the assumption that algebras considered are Z[.i]- algebras and p ^ 2(mod4), where p > 2 is any positive 
integer 

Let Rhea ring with identity. In fJI, Browder developed /T-theory with coefficients "L/pZ. This is the so-called 
mod-p /:-theory K^ {R, Z/pZ) for * G Z. Note that ^o(^, Z/pZ) = Ko{R) ®z Z/pZ, and Ki{R, Z/pZ) = if / < 
(see 13] p. 45]). Later, Weibel observed in 1261 that excision holds and that Mayer- Vietoris sequences exist if the 
rings involved are Z[.i]-algebras. The mod-p /T-theory is closely related to the usual /T-theory in the following 
manner. 

Lemma 6.1. Universal Coefficient Theorem (see lO and ll26ll ): 

Let R be a Z[-]-algebra with identity. For all * G N, there is a short exact sequence ofabelian groups 



— > K^R) (g)zZ/pZ — >K^{R,Z/pZ) — > Tor:f{K^^i{R),Z/pZ) 



■0. 



Ifp ^ 2 (mod 4), then this sequence splits (not naturally), so that Kt, [R, Z/ pZ) is a Zj pZ-module. If p = 2 (mod 4), 
then Kif[R,Z/ pZ) is a Z/2pZ-module. 

Thus, if p ^ 2 (mod 4), we see that K^, (R, Z/pZ) is completely determined by the usual /T-groups K.t{R). 
Another result which we need is a Mayer- Vietoris sequence for mod-p /iT-groups. 

Corollary L3] For a Milnor square {*) of Z[-]-algebras, there is a long exact sequence ofabelian 



Lemma 6.2. 

groups for all integers * : 



K^+iiRuZ/pZ)®K,+i{R2,Z/pZ)—^K^+i{Ro,Z/pZ) —^ 
K^{R,Z/pZ) — >K^{Ri,Z/pZ)®K^{R2,Z/pZ) — >K^{Ro,Z/pZ) 
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Now it follows from the above two lemmas and Theorem 11.21 that Theorem 11.11 holds true for the mod-p K- 
groups Kif{R,'L/ plj) ifR is a Z[-]-algebra and \f p^2 (mod 4), since the argument there in the proof of Theorem 
ll.ll works in our new situation. 

If p = 2 (mod 4), we do not know whether K.t{R,'E/ pZ) can be fully controlled by the first and last terms in 
Lemma l6n In general, extensions of fixed abelian groups may not be isomorphic, for instance, the cyclic group of 
order 4 and the Klein group (Z/2Z) x (Z/2Z) both are extensions of the cyclic group of order 2 by itself, but they 
are not isomorphic. 

7 Examples: GV-ideals 

In this section we shall give some examples related to our results. The first one is constructed from a 23 -split 
sequence which is induced by a surjective ring homomorphism. 

Let B be a ring with identity and / an ideal of B. We define A = B/J. Then we have an exact sequence in 
B-Mod: 

where % is the canonical surjection. 

For this sequence to be an add(BB)-split sequence, we have to assume Extg(A,B) = 0. This happens often in 
commutative algebra. For example, if B is a commutative noetherian ring, and 7 is an ideal of B such that / contains 
a regular sequence on B of length 2, then Extg(A,B) = for ; = 0, 1 (see lfT2l p. 101]). Another example is the 
so-called GV-ideals in integral domains. Here we will state the following general definition of GV-ideals. 

Let R be an arbitrary ring with identity. Recall that an ideal I of R is called a GV-ideal (after the names Glaz 
and Vasconcelos, see 1291 [T]) if the induced map /j/ : R — > HomK(/,7?), given by r M- (x M- xr) for x G /, is an 
isomorphism of /?-bimodule. This is equivalent to Ext'fi{R / 1 , R) = for / = 0, 1. Thus R is a GV-ideal of R. Note 
that pZ is not a GV-ideal of Z for any /:> G Z with \p\ ^ 1, even though we have Z ~ Homz(pZ,Z). We remark 
that the above definition of GV-ideals is more general than that in commutative rings where it is required that rI is 
finitely generated (see 1291 ). 

Let GV{R) be the set of all GV-ideals of R. For ideals / and J of R, we denote by {I : J) ■- {x e R \ Ix C J}. 
(This notation is different from what was usually used in ring theory, but soon we will see its convenience when 
elements compose). Clearly, {I : R) ~ R, (/?:/)= /, and (/ : J) is an ideal of R. 

The following lemma shows some properties of GV-ideals, which are of interest for our proofs. 

Lemma 7.1. Let B be a ring with identity, and let J be a GV-ideal in B. Then 

(1) the sequence ^ J ^ B — > A — >■ w an add(BB)-split sequence in B-Mod. Thus EndB(B ©7) is derived- 

■ , (B B/J^ 

equivalent to I „ , 

(2) EndB(y) ~ B (as rings and as B-bimodules). 

(3) If I is an ideal in B, then BV^orcisiJ ,I)b — (J '■ I) as B-bimodules. In particular, if J C /, then HomB(7,/) ~ B. 

(4) Ifx G B such that Jx = 0, then x = Q. 

(5) If I is an ideal in B with J C I, then I G GV{B). 

(6) If I, J G GV{B), then IJ G GV{B). 

Proof. (1) is clear by lITOl Theorem 1.1] and the definition of GV-ideals. 

(2) By the definition of GV-ideals, the induced map /jj : B — > HomBisJjB) is an isomorphism, this means that 
every homomorphism / from bJ to ^B is given by the right multiplication of an element in B. Since / is an ideal 
in R, f is in fact an endomorphism of the module bJ- Conversely, if / G EndB(y), then / is a restriction of a right 
multiplication of an element of B. Hence EndB{J) — B. 

(3) We define a map (p ; HomB(y,/) — > (7 : /) as follows; For / G Home (7, 7), there is a unique element b E B 
such that the composition of / with the inclusion A- : / — s> B is the right multiplication map -b since 7 G GV{B). This 
means that fX = -b and b £ (J : I). So, we define f ^^ b. As (7 : /) is an ideal of B, it has a canonical bimodule 
structure. Now one can check that (p is an isomorphism of B-bimodules. 

(4) This is a trivial consequence of the induced isomorphism /jy : B ~ HomB(7,B). 

(5)-(6) These statements were already proved in detail in |J29l for commutative rings, the ideas of their proofs are 
as follows: It follows from (4) that HomB(//7,B) = 0. Further, by the isomorphism /jj and the fact/jy =/J//* where 
itf : HomB(/,B) — > HomB(7,B) is induced from the inclusion i : J ^ I, one can check that /Ji is an isomorphism of 
B-bimodules. This proves (5). 
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Let 7,7 e GV{B). It follows from (4) that /j/y : B — > HomB{IJ,B) is injective. We show that it is also surjec- 
tive. In fact, since the composition of the maps B — > liomB{J,B) — > HomB(7,HomB(/,B)) — )► HomB{I ®bJ,R) is 
an isomorphism of B-B-bimodules, which is the composition of /j// with the injective map m* : liomB{IJ,B) — > 
HomB(/ ®bJ,B) induced from the surjective multiplication map I ®bJ ~> U, we see that m* is surjective, thus it is 
an isomorphism of B-B-bimodules. This implies that /jjj is surjective, and therefore (6) holds. D 

From Lemma lTTl we have the following 



/B 
B 


ih-.h) 
B 


ih-.h) ■■■ 
ih-.h) ■•• 


ih : In) \ 
ih : In) 


B 


B 
B 


B 
B 


iln-i-.In) 

B ) 



Proposition 7.2. Let B be a ring with identity. Suppose that I„ C /„_i C ■ ■ ■ C I2 C Ii is a chain of ideals in B. Ifl„ 
is a GV-ideal in B, then 

(1) EndB(/i ©•••©/„) is isomorphic to 



C:= 



(2) K, (EndB(e;;=i Ij)) - K*iB) © ®"jZl K* iB/ih : h+i)) for all * G N. 

Proof. (1) Note that EndB(/i ©/2©- ■■©/„) is thematrixring with the entries Homg (/,■,/,) for 1 < i,j < n. Since 
/„ is a GV-ideal in B, every ideal Ij in the chain is a GV-ideal of B by Lemma ItTTT S). Now (1) follows from Lemma 
I7.1l immediatelv. 

(2) This is a direct consequence of (1) and Lemma |4!2] D 

As a consequence of Proposition |72] and Lemma inT 6). we have the following corollary. 
Corollary 7.3. If I is a GV-ideal in a ring B with identity, then, for any positive integer n, 

K^iEndBi^h)) c^K4B)o"^K,{B/{h : h+')). 

If we take /i = B, we have the following corollary. 

Corollary 7.4. Let B be a ring with identity. Suppose that I„ C /„_j C ■ ■ ■ C I2 C Ii = B is a chain of GV -ideals in 
B. Then 

n «— 1 

K,{EndBiB (B^B/Ij)) c^ K,iB)(BMB/l2) ®^K,{B/iIj : Ij+i)) . 

7=2 j=2 

Proof For each j, we have an add(BB)-spUt sequence by Lemma IXTl l): 

— >Ij — >bB — > B/Ij — > 0. 
This yields another add(B5)-split sequence 

^ 0/; ^ ^bB -^ 05/7, ^ 0. 

i=i 7=1 ;=i 

Hence Ends (bB ©©"^2^7) ^nd EndB(BB ©©"^2^/^;) ^re derived-equivalent by Qol Theorem LI], and have 
the isomorphic algebraic /iT-groups K^,. By Lemma IT2I we see that /r*(EndB(BB © 0'^^jB//,)) c^ K^:{B) (B 
©}ZJ K, {B/ilj : Ij+i)) for all * e N. D 

As a concrete example, we consider the polynomial ring B:='Z[x] over Z in one variable x and its ideal J :—{p,x) 
with p a prime number in Z. It is known that 7 is a GV-ideal in B. Thus, for the ring R :~ End^M (Z[x] © J), by 
Proposition I22I we have 

K^{R):^K^{Z,[x])®K^{Z/pZ). 

Since Z is a left noetherian ring of global dimension one, the Fundamental Theorem in algebraic K-theory says that 
the above isomorphism can be rewritten as 

K4R)c^K4Z)®K4Z/pZ). 
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By 1201, we get 

K2,„iR) = K2,„iZ) form>l, K2,„-iiR) c^ K2,n-i{Z)(SZ/{p"' - l)Z for m > 2, 

where (Z/pZ)^ denotes the set of all non-zero elements of Z/pZ. Note that / is not a projective Z[x] -module. In 
fact, we have a non-split exact sequence 

— > Z[x] -\ Z[x] ® Z[x] -^J — ^ 0, 

where X sends f{x) to {xf{x), —pf{x)), and Jt sends (/(jc),g(.x:)) to pf{x) +xg{x) for all f{x),g{x) G Z[.ic]. So, the 
result in ifTSl cannot be applied to R. However, the one in this note is applicable. 



Finally, we mention the radical-full extensions in 112811 . Recall that an extension B C A of rings with the same 

identity is said to be left radical-full if rad(B) is a left ideal of A and rad(A) = rad(B)A, where rad(A) stands 

for the Jacobson radical of A. So, given a left radical-full extension B C A of rings, we may form the ring C := 

A rad(B)' 



, . It follows from our results in this note that K„(C) ~ A",, (A) (BKi,(B/rad(B)) for all n > since for 
A "J 

any ring extension SCR and any ideal / in S, if / is a left ideal in R then the rings ( „ ) and ( „ /, „ ) are 

derived-equivalent by Lemma [3T4l 

Related to the last example, we have the following open question: 

Question: Suppose that / and J are two arbitrary ideals in a ring R with identity. For the ring 5 := I 

can one give a formula for K„{S) similar to the one in Theorem |l.2| for n 6 N? (See also the question mentioned in 
Section|5). 
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respondences and helpful explanations on results in /iT-theory, and Fanggui Wang from Sichuan Normal University 
for discussion on GV-ideals. 



References 

[1] A. J. Berrick and M. E. KEATING, The A'-theory of triangular matrix rings, Contemp. Math. 55 (1986), Part I, 69-74. 

[2] S. Brenner and M. R. Butler, Generalizations of the Bernstein-Gelfand-Ponomarev reflection functors. In: Representation theory II. 
(Eds: V. Dlab and P. Gabriel), Lecture Notes in Math.832, 103-169. Springer- Veriag, Beriin, 1980. 

[3] W. Browder, Algebraic A'-theory with coefficients Z/p, In: Geometric applications ofhomotopy theory (Evanston, 1977), Lecture Notes 
in Mathematics 657, 40-84. Spiinger- Veriag, Berlin, 1978. 

[4] R. M. Charney, a note on excision in A'-theory, In: Algel^raic K-theory, number theory, geometry and analysis (Bielefeld, 1982), 
Lecture Notes in Math. 1046, 47-54. Springer- Veriag, Berlin, 1984. 

[5] Y. P. Chen, Constructions of derived equivalences. Ph. D. Dissertation, 2011. 

[6] D. DUGGER and B. SHIPLEY, /f -theory and derived equivalences, Duke Math. J. 124 (2004), no. 3, 587-617. 

[7] S . Glaz and W. V. Vasconcelos, Flat ideals. II, Manuscripta Math. 22 (1977), no. 4, 325-341 . 

[8] X. J. Guo and A. KUKU, Higher class groups of locally triangular orders over number fields. Algebra Colloq. 16 (2009), no. 1, 79-84. 

[9] W. Hu, S. KONIG, and C. C. Xl, Derived equivalences from cohomological approximations, and mutations of 0-Yoneda algebras. 
Preprint. [^av:l 102.2790t 'irmath.RT1, 2011. 

[10] W. Hu and C. C. Xl, ©-split sequences and derived equivalences. Adv. Math. 227 (2011) 292-318. 

[11] W. Hu and C. C. Xl, Derived equivalences for O-Auslander-Yoneda algebras. Preprint, l^iv:90l2.0647V 2[math.RT1, 2009. 

[12] I. Kaplansky, Commutative rings. University of Chicago Press, Chicago, 1974. 

[13] M. E. Keating, The /f-theory of triangular rings and orders, in: Algebraic K-theory, number theory, geometry and analysis (Bielefeld, 
1982), Lecture Notes in Math. 1046, 178-192, Springer- Veriag, Beriin, 1984. 

[14] E. KIRKMAN and J. KUZMANOVICH, Global dimensions of a class of tiled orders, J. Algebra 127 (1989), no. 1, 57-72. 

[15] A. KUKU, Higher algebraic S'-theory for twisted Laurent series rings over orders and semisimple algebras, Algebr Represent Theor. 11 
(2008) 355-368. 

[16] B. A. Magurn, An algebraic introduction to K-theory, Encyclopedia of Math, and its Applications 87, Cambridge University Press, 
2002. 

19 



[17] J. MiLNOR, Introduction to algebraic K-theory, Annals of Math. Studies 72, Princeton University Press, 1971. 

[18] R. G. Swan, Algebric A'-theory, Actes, Congres Intern. Math. 1 (1970) 191-199. 

[19] D. QUILLEN, Higher algebraic /f-theory, I. In: Algebraic K-theory, I: Higher AT-theories (Seattle, 1972), Lecture Notes in Math. 341, 
85-147. Springer, Berlin, 1973. 

[20] D. QuiLLEN, On the cohomology and A'-theory of the general linear groups over a finite field, Ann. Math. 96 (1972) 197-212. 

[21] 1. Reiner, MaA-r'ma/ orders. Academic Press, 1975. 

[22] J. RICKARD, Morita theory for derived categories, / London Math. Soc. 39 (1989) 436-456. 

[23] J. T. Stafford, Auslander-regular algebras and maximal orders, / London Math. Soc. SO (1994) 276-292. 

[24] F. Waldhausen, Algebraic S'-theory of generalized free products, I, II, Ann. Math. 108 (1978) 135-256. 

[25] Ch. Weibel, Mayer- Vietoris sequences and module structure on NK,, In: Algebraic K-theory (Evanston, 1980), Lecture Notes in Math. 
854, 466-493. Springer- Veriag, Beriin, 1981. 

[26] Ch. Weibel, Mayer- Vietoris sequences and mod-p A'-theory, In: Algebraic K-theory, Part I. Lecture Notes in Math. 966, 390-407. 
Springer- Veriag, Berlin, 1982. 

[27] Ch. Weibel, An introduction to algebraic K-theory, A graduate textbook in progress. 

[28] C. C. Xl, On the finitistic dimension conjecture, 11: Related to finite global dimension. Adv. Math. 201 (2006) 1 16-142. 

[29] H. Y. Yin, F. G. Wang, X. S . Zhu and Y. H. CHEN, vy-modules over commutative rings, / Korean Math. Soc. 48 (201 1), no. 1, 207-222. 

June 23, 2011 



20 



